
J. GUIDANCE, VOL. 16, NO. 3: ENGINEERING NOTES 597

x
-8

20

19

18

17

16

15

14

a : "Mini-p-norm" with p=l
b : "Mini-p-norm" with p=10
c : "Mini-p-norm" with p=20
d: "Minimax"
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Fig. 1 a-/3 estimator results for Cma variation of T-38.

chosen to represent a moderately extensive pattern of jinking
maneuvers. The noise intensity in the measurement of h was
assumed to be 2.4 ft2.

The Cma of the T-38 was changed from - 1.3 to - 0.1, which
is the typical range of Cma of military aircraft. Cm<x is a term
in the A matrix as specified in Ref. 11. Seven values of Cma
equally spaced in this range were chosen as the quantization
points (A: = 7), and the probability P/ was assumed to be the
same for all cases of Cma.

The error variances of the estimator were calculated analyt-
ically by solving the Lyapunov equations. In Fig. 1, a-c are the
results of the mini-/?-norm method with /? = !, 10, and 20,
respectively, and d is the minimax estimator result, obtained
from the Kalman filter designed at the worst flight condition
(i.e., at CWa=-0.1).

The sum of error variances shown as case a in Fig. 1 is the
minimum we can achieve since the mini-/?-norm method with
p = 1 is the same as the minisum method. As p increases, the
maximum error variance decreases and the sensitivity to pa-
rameter variations is reduced, but at the cost of a larger sum
of error variances. Asp becomes too large, the maximum error
variance decreases only very insignificant amounts, whereas
the sum of error variances increases by substantial amounts.
The mini-/?-norm method with p = 10 can be proposed as the
most favorable design method in this tracking problem if low
sensitivity and small error variance are both required. This
illustrates the use of p as a design parameter in designing
robust estimators.

VI. Conclusions
The mini-/?-norm method for the design of estimators that

are robust to parameter variations was presented. This method
assumed that the estimator system matrices are fixed by the
designer and finds the estimator gains minimizing the new cost
criterion, which is directly related to the/? norm of the perfor-
mance index vector. This method has a new design parameter
with which a tradeoff can be achieved between the expected
value of error variance and sensitivity to parameter variations.
If the value of this design parameter is equivalent to 1, our
method becomes the minisum estimator, and as it becomes
large, our method approaches the minimax method. The free-
dom to optimize the estimator using this design parameter
gives the designer the option of avoiding the two extreme cases
represented by the minisum and minimax methods and im-
proving, it is hoped, the performance of his robust estimator.
This method also can be used to design estimators that are
robust to various aircraft types of flight conditions.

The same design algorithm developed here also can be used
to find the estimator gains that would make the estimator
insensitive to the variation of the maneuver intensity. In addi-
tion, the same design concept employed in this Note could be
used to design a class of robust controllers that would have the

same properties stated here, i.e., the capability of trading-off
between the expected value of the cost function and the sensi-
tivity to parameter variations using the new design parameter.
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Stabilizability of Linear Quadratic
State Feedback for Uncertain Systems
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Introduction

I N recent years, the problem of designing a stabilizing feed-
back control for a linear system containing time-varying

uncertainties has received considerable attention. Based on
Lyapunov's direct method, Cheres et al.1 introduced a nonlin-
ear controller to stabilize uncertain systems under the assump-
tion that the system satisfies the so-called "matching condi-
tions. " In Thorp and Barmish,2 linear controllers were derived
to deal with the same problem. Recently, Tsay et al.3 applied
the conventional linear quadratic optimal state feedback
method to find the robust regulator for linear uncertain sys-
tems with matching conditions. Moreover, Schmitendorf4

used the Riccati equation approach to the design of a stabiliz-
ing controller for a class of uncertain linear systems without a
matching condition.

In this Note, we consider the same problem but the uncer-
tainties, which may exist on the system matrix and/or input
matrix, are decomposed into the matching and mismatching
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portions. Because of the decomposition of the uncertainties,
the system may possibly tolerate larger uncertainties. The con-
sidered controller gain is in ' 'linear quadratic state feedback"
form, i.e., K = pBTP. This Note mainly establishes the rela-
tionships between the constant p and the solution of the Riccati
equations such that the system is robustly stabilized.

System Description and Problem Formulation
Consider a linear uncertain dynamic system like

(1)

where x(t) £ (R" and u ( t ) € (Rm; A and B are the nominal
system matrix and input matrix, respectively, of the appropri-
ate dimensions. Uncertain matrices A/4[co(01 and AJ?[co(0]
depend continuously on the uncertainty vector co(f)» which is
Lebesgue measureable and within an allowable bound set at
Q € (Rr for all t € [0,oo). The following assumptions may be
needed (Thorp and Barmish2) : (01) (A ,#) is controllable; (02)
12 6 (Rr is a compact set; (03) there are continuous mappings
£>(•) : Q-(RWX" and E ( - ) : Q-(Rmxm such that the uncertain
matrices can be separated into two parts, matching portions
(/L4W and ABm) and mismatching portions (AA and A#), as
follows:

where

o(0]

[co(0]

(2a)

where

(2b)

Vco(0 € 12, f € [0,oo).
The main objective of this Note is to design a linear state

feedback

u(t)= -Kx(t) (3)

such that the system (1) for all co(0 € Q is stabilized. More-
over, ||*|| and ||^41| denote the Euclidean norm of vector x and
matrix A, respectively. The \(A) and Xmin(^4) are the eigen-
value and minimum eigenvalue of matrix A, respectively.

Robust Stabilizability of the Uncertain System
With the aid of the Lyapunov theorem, we have the follow-

ing theorem.

Theorem 1
Suppose all assumptions [(01), (02), and (03)] hold and the

state feedback gain matrix is K = pBTP, where P=P r>0 is
the solution of Eq. (4)

ATP + PA + 2rjP - PBBTP + Q = 0 (4)

where Q = QT>0 and r/>0. Then the system (1) with Eq. (3)
is asymptotically stable, if there exist p, Q, and 77 satisfying the
following conditions, respectively:

(5a)

(5b)

(5c)

where both e and £ are some positive constants.
Proof. It is given in Appendix A.
Remark 1. The assumption of a matching condition of the

uncertainties is necessary and two controllers (i.e., K and

Q > %D T(u)D (co) + el

-yB^P) are needed in Jabbari and Schmitendorf.8 However,
we use only one controller - pB TP and also consider the mis-
matching uncertainties in this Note.

With a little modification of the proof of Theorem 1, we
have the following.

Corollary 1
For the same system and assumptions in Theorem 1 , if Q , p,

and 77 satisfy Eqs. (5b), (6a), and (6b), respectively, then the
system (1) with Eq. (3) is asymptotically stable.

[p - 1 - d/2)p [£(co > 0 (6a)

(6b)

Proof: See Appendix B.
Remark 2. Since P is obtained from Eq. (4), Eq. (6b) or

(5c) is therefore not guaranteed for the mismatching part
AA (co) and A5(co). Hence, it is necessary to find a decomposi-
tion such that || A/4 (co) 1 1 and || A5(co)|| are as small as possible.

Next, we consider the case with the matching conditions
(i.e., A^-A.B-0).
Corollary 2

Suppose assumptions (01) and (02) hold. Moreover, AA
= A5=0 and K = pBTP, where P is the solution of Eq. (4)
with 77 = 0. Then the system (1) with Eq. (3) K = pBTP is
asymptotically stable, if there exist p and Q satisfying Eqs. (7 a)
and (7b), respectively,

[p -(1/2)- (1/2?)] / + (l/2)p • >0 (7a)

(7b)

where £ is a positive constant.
Proof. It is similar to the proof in Appendix B if we let

Remarks. Since p is positive, Xmin[£'(co) + £'(co)r] must
be larger than -2 such that Eq. (7a) holds. However,
Xmin[£(co) + £'(co)T]> -1 is needed in Tsay et al.3 and Thorp
and Barmish.2 Furthermore, Jabbari and Schmitendorf8

needed the constraint \\E\\ < 1. It is seen that Corollary 2 can
tolerate larger uncertainty ASm than their results do.

If AA and AB are unstructured uncertainties, i.e., we only
know the bounds of \\AA\\ and || AB||, then the decomposition
(2) cannot be used. In this case, the following corollary is
applicable.

Corollary 3
If assumptions (01) and (02) hold, the state feedback (3)

K = pBTP can stabilize the system (1), if there exist Q and rj
satisfying Eqs. (8a) and (8b), respectively,

(8a)

(8b)

where both e and p are some positive constants and P =P r>0
satisfies Eq. (9).

ATP + PA + 2r?P - pPBBTP + Q = 0 (9)

Proof. It is similar to the proof in Appendix A if we let

Remark 4. The system without the matching uncertainties
has been discussed in Schmitendorf4 also. However, the con-
sidered uncertainties of this Note need not be of the "rank-1"
type (Schmitendorf4 and Peter sen and Hollot9).

Example
Consider the linearized lateral dynamics of the L-1011 air-

craft (described in Mcruer and Bates6 and Sobel et al.7)
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V
r

P
0

0 0 1 0
0 -0.154 -0.0042 1.54
0 0.249 -1 -5.2

0.0386 -0.996 -0.003 -0.117

0
r

P
V

0 0
-0.744 -0.032
0.337 -1.12
0.02 0

p-lifj
where

x(t) =

band angle (rad)
yaw rate (rad s"1)
roll rate (rad s"1)
sideslip angle (rad)

5>1 rudder deflection
kj aileron deflection

The uncertainty matrices AA and AB appear in the following:

0 0 0 0
0 0.0369cocl -0.0032coo2

0 -0.0281co04 0.125coa5 -0.1892ojo6

0 0 O.OOOlovy 0.0146oja8

0 0

0.0861a>w 0.0022wM

-0.1524coM 0.339coM

0.01coM 0

where - 1 <uai < 1 and —\<ubj<\ for all / and j. However
by using Corollary 1, we can carry out the decomposition as
Eq. (2), for instance,

= 0.001
d2 d3

d5 d.
= 0.001 x e2

e3

= 0.0001 x

0 0 0 0
0 a\ a2 03
0 a4 a5 a6

0 a1 #8 a9

= 0.0001 x

0 0
bi b2

where e/i=-48o> a i , d2 = 4.3ua2-4ua5, d3 = - 153o>o3-6cofl6,
d4 = - 1 5o^i + 25coo4 , d5=l 08coo5 , d6 = - 45cofl3

coa6,

b5 = 23a)bi + co^3 + 100aj5, b6 = ubi - 3cow. Letting e = 1 and £ = 5
and by Eqs. (6a), (6b), and (5b), we have p = 2.152 and
Q = diag[l, 1.0946, 1.351,2.6008]

-0.7066 -6.6361 -0.8803 6.0652]= pBTP =
-2.8664 -2.7120 -2.8056 6.3023J

and

= 0.2

Hence, u(t)= -Kx(t) is a stabilizing controller.

Conclusion
This Note has investigated the stabilizability of the uncertain

systems when the uncertainties are decomposed into the
matching and mismatching portions. Even though there have
been many relative investigations of this problem, this Note
has given alternative results, and because of the decomposition
of the uncertainties, the tolerable uncertainties may be larger.
Moreover, these results are very well applicable to the L-1011
aircraft system. It should be mentioned that the mismatching
uncertainties cannot always be too large to satisfy Eq. (5c)
[Eq. (6b) or (8b)] . This problem is still worth being studied in
the future.

Appendix A: Proof of Theorem 1
First, a useful lemma is given.
Lemma A.5 For any matrix X and Y with appropriate di-

mensions, we have

XTY + YTX < eXTX + - YTY
e

for any constant e > 0.
Now, we start to prove Theorem 1. Considering the sys-

tem (1), we construct a Lyapunov function V(x) = xTPx,
where P=PT>Q satisfies Eq. (4). Then the time derivative
of V(x) along the trajectory of the system (1) with state feed-
back (3) is

V(x) = xTATPx + xTPAx + 2xTPAAmx + 2xTPAAx

- 2xTPBKx - xTPABmKx - xTKTAB^Px

- 2xTPABKx (Al)

Using Lemma A and the Riccati equation (4), we have

V(x) < -xTQx - (2p-l)xTPBBTPx

- pxTPB(ET+E)BTPx + (l/£)xTPBBTPx

+ &TDTDx + (l/e)xTPAAAATPx + xrelx

+ pxTPBBTPx + pxTPABABTPx - 2r]XTPx (A2)

* -xT(Q-ZDTD-eI)x-[p-\-(l/t)}\\BTPx\\2

- pxTPB(ET + E)BTPx + (l/e)|| A/l|| 2\\Px\\ 2

+ p\\AB\\2\\Px\\2-2r,xTPx (A3)

If Eqs. (5a), (5b), and (5c) hold, K(*)<0. The proof is com-
pleted. D

Appendix B: Proof of Corollary 1
The last term on the right-hand side of Eq. (Al) of Ap-

pendix A is decomposed into xTPBBTPx + p2xTPAB/±BTPx.
Then we follow very much the same approach of Appendix A.
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Minimum-Effort Interception of
Multiple Targets

Joseph Z. Ben-Asher*
Tel-Aviv University, Tel-Aviv 69978, Israel

approaches these targets (i.e., passes through their projections
on the LOS) are ti,t2,...,tn.

Under the assumption that the speed V is constant, the
equations of motion of the interceptor (in the plane) are the
following:

r'(0 = K cos M

x'(t) = K sin M
(1)

where / is the elapsed time, r (t) the projection of the trajectory
on the nominal LOS, x(t) the normal displacement, a(t) the
flight-path angle, and ()' signifies differentiation with respect
to time. If a(t) is small, we get

r'(t)~V
(2)

Assuming that the interceptor has direct control over its
normal acceleration a ( t ) , we obtain the following state equa-
tions:

(3)

The optimal control problem is to minimize the control effort

(4)

subject to the following conditions:

(5)

"«,
• = ^ a\t)dt

x(t2) =

I. Introduction

A WELL-KNOWN fact about the widely used propor-
tional navigation law is that it is the solution to the min-

imum-effort interception problem where a zero miss distance
is required as the terminal boundary condition.1 This result
provides the motivation for studying this minimum-effort
problem with more than one target. Norbutas2 formulated a
set of n two-point boundary-value problems coupled through
their boundary conditions. For the general case, he suggested
some numerical solutions for open-loop control. He succeeded
in finding an analytical solution in feedback form (i.e., closed-
loop) only for the two-target case. The main contribution of
this work is a generalization of the closed-loop analytical
solution to the n -target case. Both proportional navigation
(i.e., the solution to the one-target case) and Norbutas' two-
target optimal solution are shown to be special cases of the
general feedback solution.

II. Problem Formulation
Assume n stationary targets located in the plane in the

neighborhood of a nominal line of sight (LOS) at fixed normal
displacements x\, x2,..., xn. Without any loss of generality,
we let xn = 0. The nominal times at which the interceptor

and the initial conditions
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u (t0) =
(6)

III. Problem Analysis
Let H(x, u , a , px, pu) be the usual Hamiltonian defined by

+pxu + pua (7)

The Euler-Lagrange's equations are

P*(t) = 0
(8)

Pu(t) = -px(t)

By the minimum principle, a(t) should minimize //, thus

a(t)=-pu(t) (9)

The transversality conditions are the following1'2:

Px(ti+ )=Px(tr ) + «/ i = 1, . . . , /i - 1

and at the terminal time

(10)

(H)


